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On an extremum problem for polynomials 
By GEZA FREUD in Budapest 
Recently, P . T U R A N [8] treated the problem to determine lower bounds of the 
expression 
M „ ( / 7 ) = i n f s u p | / > ( . Y ) [ X " + £?(*)] 1 
e£P„-t * £ [ - ! , + 1] 
for fixed but arbitrary values of the natural number n, where P„-i is the set of poly-
nomials of degree « — 1 at most, and p(x) is a given polynomial. In the present paper 
we consider the problem for arbitrary bounded functions p(;c)sO; our estimates 
are sharper than those of T U R A N [8] and cover some of ELBERT'S results [4] , [5] , too. 
T h e o r e m I. For an arbitrary bounded function p(JC) S0 
( 1 ) 2"Mn(p)^G{p*) ( « = 1 , 2 , . . . ) 
and 
(2) m x 2 " M n ( p ) ^ 2 G ( p % «—CO 
where p* is the upper limit function of p and2'3) 
(3) , G(p*) = E X P J ^ / log/?*(cos0) i / (?J . 
') If p(x) is unbounded but M„(p) is finite for n s m, then there exists a nonnegative polynomial 
of minimal degree n„(x) = x"' + Q(X) (e€/>,„-1) for which n0p is bounded. Clearly M„(p) = 
= M„-„,(n0p) and we have3) G(n„p*) = G(n0)G(p*) = 2"mG(p r ) , so that (I) and (2) are valid even 
if p(x) is unbounded. 
2) The integral in (3) is defined, because p* is bounded, positive and (as an upper limit function) 
semicontinuous from above, but it may take the value — in this case we set G(p*) =0. 
3) If p(x)=p*{x) = \x — bi\P'\x — b2\^1...\x-bk\^kt where 6,, b2, ..., bk are arbitrary complex 
numbers, /?,, ..., f!k are real numbers and /?,s0 if ¿ ¡€[ - 1, +1], then we have 
G(p*) = 2-k f f i \bj+yZpi\ 
(see BERNSTEIN [i]); this is the case treated by T U R A N [ 8 ] and E L B E R T [4] , [5 ] . . , : . , . 
5' 
288 G . F r e u d 
P r o o f o f (1). We have4) Mn(p) = M„(p*). If l ogp* (cos 0) (1) is satisfied 
in a trivial way, for its right hand side is zero. So we may assume log p* (cos 0) 
For an arbitrary but fixed £ > 0 we take a i j /„(x) = x"-\—£Pn for which 
(4) p*(x)\<P„(x)\ M„(p+) + s = M„(p) + e. 
By a well-known theorem of G. S Z E G Ő [7], the function 
<p (z) = exp { I / logp* (cos 0) ¿0} (|z| s 1) 
belongs to H1 and satisfies \<p(e'e)\ =p* (cos 0) a.e. Applying (4) to x = cos 0 = 
= i- (eie + e~ie) we find that 
F(z) = 2"z"iA„ 
1 1 
J H I 
<p(z) £ Hl 
has for a.e. boundary values not exceeding 2n[Mn(p*) + e] in modulus. As a conse-
quence of the maximum principle is applicable; so we obtain 
G(p*) = cp(0) = F(0) vrai max |F(e'®)| s 2*[MH(j>*) + e] = 2"[M„(p) + e] 
e 
and for e —0 we get (1). Q.e.d. 
P r o o f o f (2). Since p*, as an upper limit funct ion, is bounded and semi-
cont inuous f r o m above, there exists a decreasing sequence {ps(x)} of nonvanish-
ing continuous functions such that 
' l im = />*(* ) ( * € [ - l , + 1 ] ) . 
Since p*(x)Sps(x), we have M„(p) = Mn(p*)^M„(ps), so that by a theorem of 
B E R N S T E I N [ 2 ] 
imi 2"Mn(p) ^ lim 2 ' M M = 2G( P s ) . 
00 n— 0 0 
Now, if log p* (cos 0) £ L, we obtain (2) f r o m (3) by an application of Lebesgue's 
theorem on bounded convergence, taking j — If log p* (cos 9) $ L, we get f r o m 
(3) by an indirect application of Fatou 's lemma lim G(ps)= 0 ; this completes the 
proof of (2). 
4) P r o o f : For an arbitrary £=-0 there exists a e€P„- i such that sup A"+c(x)| ^ 
S Mn{p) + £; we conclude that for every sequence xk—x 1, +1]) we have 
Jirn {p(xk) \xZ + <p(xk)\} S M„(p) + e, 
i.e. by continuity of X" + Q(X), p*(x) + £>(*)] S Mn(p) + e so that Mn(p*) S Mn(p) + e. In turn, 
f r o m p ^ p * it follows M„(p)sM,(p') , and these two results imply M„(p) = Mn(p'). 
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T h e o r e m IT. For an arbitrary function p(x) £ 0 and an arbitrary pair of natural 
numbers n<r, 
(5) TMn(p)m^2'Mr(p). 
Conversely, for an arbitrary <5>0 and arbitrary natural number n there exists a con-
tinuous function s(x) =s(n, S; x) > 0 such that 
(6) 2"Mn(s) < ^ - 2 r M r { s ) = (1-H5)G(5) (r = » + 1,/I + 2, . . .). 
P r o o f of (6). The Chebyshev polynomial Tr_n satisfies | r r _ „ ( x ) | ^ l 
( * £ [ — 1, +1 ] ) and has the leading coefficient So we have 
Mr(p)^ inf sup \p(x)2-r + "+1Tr_n(x)[x" + Q(x)}\ = 
eiPn-i *€[- i , + H 
= 2~r+n+1 Mn(p\Tr_n\) s 2 - ' + " + 1 M „ ( / > ) , 
and multiplying by 2 r _ 1 we get the desired inequality (4). 
P r o o f of (6). Let a=-1 and = | l — — | . By a result of BERNSTEIN 
([3], pp. 11—14) we have 2rMr(sa) = 2G(sa) (r = n+ 1, n + 2, . . .) and 
_2 
1 + (a — i a z — 1) 
To prove (6) we need only to observe that 
_2 
l + (a-]/a2-i) 
and take s = sa for a sufficiently near to 1. 
2 "Mn(sa) = — 
= 1 
T h e o r e m III. For an arbitrary natural number n and arbitrary large A>0 
there exists a continuous function pA {x) > 0 for which 
(7) 2"Mn{pA) > A lim2rMr(pA). OO 
R e m a r k . This result is a consequence of an earlier theorem of ELBERT [5] . 
In the shorter proof what follows we make use of another idea of ELBERT, which 
is reproduced here with his permission. 
3 /3" ( x lm 
P r o o f o f T h e o r e m III. Let a = —T=>\, b=——< 1, and i ( x ) = 1 > 
2 / 2 2 v J { a) 
where m is a natural integer to be specified later. By Bernstein's theorem3) 
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W e h a v e f u r t h e r b y t h e t r a n s f o r m a t i o n x = b£ 
M A i ) = m i n m a x 1 lxn + o ( x ) | s m i n m a x 
" w e € P „ . , M s i l a) 1 1 e € P „ - , | * | s 6 
w h e r e 
= emm_imax|l--5| \b" ? + Q* {£)\ = b"M„(tb), 
,„(x) = \ l - - x \ . 
A p p l y i n g T h e o r e m I I a n d t h e n B e r n s t e i n ' s t h e o r e m 3 ) w e o b t a i n 
2 " M „ ( 0 s b"2"M„(lb) ^ l im 2 ' M r ( t „ ) = 
= 2 * 
a i / a2 
J + 1 / T 7 - ' 
= 2-
F r o m (7} a n d (8) we ge t 
2"Mn(t) ^ tr_ ( 9 Ï» 
l im 2 r M r ( t ) ~ 4 8 
F o r a fixed v a l u e o f n t h e r igh t h a n d s ide e x c e e d s by a s u i t a b l e c h o i c e o f m, a n y l a rge 
A > 0 . Q . e . d . 
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